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ON OBSERVATION PROBLEMS IN DISCRETE SYSTEMS™

B. N. PSHENICHNYI and V. G. POKOTILO

Questions on the construction of information domains consistent with the signal
realized at the output of a linear discrete control system with indeterminate noise
is examined. Recurrence equations describing the dynamics of the information domains
as a function of time and of the signal realized are cbtained on the basis of dual-
ity relations /1—5/ and of the idea of dynamic programming /6/. Filter equations
are cbtained from these equations in elementary fashion in the case of consistent
quadratic constraints on the perturbations in the system. Certain possibilities of
such an approach when considering systems nonlinear in the observations are demon-
strated.

1. Statement of the problem and duality theorems. Let an object's motion be de-
scribed by the difference equation

sy = Az + v, k=0,1,.. ., t—1 (1.1)

Here z, is an n-dimensional vector, A is a constant (n X n) -matrix, v, is a perturbation in
the system. It is assumed that it is impossible to observe the vectors z, and that the quantit-
ies

ve = By + & (1.2)

are measured, where y, is an m-dimensional vector, B is a constant (m X n)-matrix, § is a
perturbation in the measurement channel. The initial condition 32, and the perturbations u,

&, k=04,.. .,t— 1, are unknown. Information on their possible realizations is exhaustedby
the descrition of their admissible domains of variation, i.e., by the inclusion

{2, 5, B} =M (1.3)
where M is a closed convex set in R™H#) X R™ and the notation fi= {fs, f1, . . ., fi1} is used.

Definition /1/.The set of those and only those vectors z & R™ for each of which we can find
a triple ({z* 7" E*} = M such that the solution j; of system (1.1), (1.2), found for z, =
zy*, 7, =75* E =E* 1z =3, satisfies the condition § = §* is called a domain Z (7,*)
consistent with signal 7.*.

From the definition it follows that set Z; (j,*) is nonempty and that better information
on the true value of vector 3z, than the description of Z; (§:*), cannot be obtained. From
the linearity of system (1l.1), (1.2) and the convexity of M directly follows

Lemma 1.1. sSet Z, (:*) is convex.
Set Z, (§;) 1s determined uniquely (to within closure) by its own support function

Wi 1§) = sup (K¢, 2> 12 Z 7))

Consequently, the determination of the support function of the domain consistent with the real-
ized signal §; consists in solving the following optimal control problem with phase const-
raints:

&by z) — sup (1.4)

under conditions (1.1)— (1.3). By writing out the Lagrangian of this problem, we get that the
dual problem is described in the form
t—~1

sup {(ll’o, Z0) - %((%ﬂ. vk> + M Bd — iy 4)) {300 5, B} & MY —inf, B = Ypnd + mB, =% (1.5)

Here for simplicity it is assumed that ¥, and Mk =0,1,...,f— 1) are »n- and m-rows, res-
pectively. The following duality theorem is valid under the assumptions made /5/.
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Theorem 1.1. The value of the upper bound in problem (1.4), (1.1)~ (1.3) equals the
lower bound in the dual problem (1.5).
We can consider the problem for systems with lag, when (1.1) has the form

G = Az + Copy — 1. k=0,1, . . ., t—1 (1.6}
and constraints (1.3) are described by the inclusion
(o - o2 30, T BYEM (1.7

The domain Z, (j;) consistent with the signal J; realized is defined analogously. The deter-
mination of this domain's support function, which under analogous requirements on M is & con-—
vex set, reduces to solving the problem (1.4), (1.6), {1.2), {(1.7). The dual problem has the
form
-*i i—-1
sup {}.-w}i[ Prater, Ty - Py 200 - l}:;«ﬂ((\!“qu Ui+ (e &> = My P10 ) H%ety -+ o4 %0, Tt B} €5 M} — inf (1.8}

"P]. = "\PI[+1A - wk-‘H—l(' - ']‘:B, b= Ov ‘17 ey t— liv '\pi = wv '\lJtu e = I\I7t+( == 0)
The corresponding duality theorem is stated analogously.

Theorem 1.2, The value of the upper bound in problem (1.4), (1.6), (1.2}, (1.7) and
the lower bound in problem (1.8) coincide.

Below the forms of the functionals in (1.5) and (1.8) are defined more precisely for
constraints (1.3) and (1.7) of concrete forms, while the dual problem is solved by the dyn-
amic programming method. In this connection the Bellman function determines the support func-
tion of the domain consistent with the signal realized and the recurrence relations defining
the Bellman function describe the dynamics of the information domains.

2. Consistent quadratic constraints. Let the indeterminacy in system (1.1)—({1.3}

be constrained by the set
-1

A{[:{{ZQ, Etvét} ' <‘30i:0> T 2 (<L'.)-’vvk> w \Ehv§h>)\' 1} (2'1)

k=0

{M is the unit ball in An0 N E™).  1In this case

f—1 X o 1,

sup ‘10!70,50) -+ ;0(0131.“, v 4 s Bid) 120, i;t,zt}EJWl}= ((‘Po, Yod - 2 (Prey Prand 1 s m.->))“

I k=0

If we introduce the additional variable ({x), then we can write problem {(1.5) as

=1
(Cobo o> - Bale— B Moo ya> —ink o = Yyd + mB (2.2)
O = G+ A Frer + s M k=0, . t—=1, =1, =0

The Bellman equation and the boundary condition for problem (2.2) are /6/

Qe (.0 = inf {4y (P4 + 0B, T+ 9> + <) — <y, we-h Qo (O = (<, ¢ + B (2.3}
n

If no additional information on the indeterminate noise comes in during the process, then
according to Theorem 1.1 the support function of domain Z; (§,) coincides with Q; (%, 0) and
relations (2.3) define the dynamics in time of the information domains. The following state-
ment is given without proof.

Lemma 2.l. Let there be given a scalar «a >0, vectors band ¢, and a positive de-
finite matrix R such that 1 — b, R-%)> >0 and a—<¢, R %> > 0. Then the equality

inf {(@ + 2{e, 0>+ <n, A)r — 0, B} =<b, RYed + (1 — (b, RWIBD): (a — <o R7D) (2.4)
L)
is valid. (If 1—<b, R-'%> =0, then the lower bound in (2.4) is not achieved).

Theorem 2.1. If the indeterminate perturbations in (1.1} and (1.2) are specified by
the consistent quadratic constraints (2.1), then the domain Zi (fy) is an ellipsoid with the
support function

Wk (‘p l!}h) == <z}.‘c9 ¢> + £y <w: Pk'll’>""” k= 01' PP 4 (2.5)
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The ellipsoid's parameters satisfy the following difference equations with initial conditions:
%’ = A% + (Up-2 — Boy) R 'BPy, A% (z.6)
Py = I+ APy A* — AP, B*R;_;~BP; ,A*
gt = ep® — {1 — Bap®)y Byxoi™ (U1 — B
3°=0,P, =1 ¢ =1 (2.7)
Here I is the unit matrix and Ry =17 4+ BP,B*. (Matrix R, is not singular since without
loss of generality we can take the rows of matrix B to be linearly independent).
Proof. By induction we show that the function
e (b L) = <&” W + & (E+ by Py
where %", Px and o satisfy Egs. (2.6), is a solution of problem (2.3). Indeed,

Qs B, 8 = &% W + & (§+ b Popd)s = (L + <, P)
Further, let

Qk-x (‘Ps §) = <3k-1°y ‘P> + 8py (C + <"Pv P k—l‘«l’»‘/’
Q (b, ) = inf {Caor®s $A + 0B + es (T + <0 B> +
M > + QWA + 1B), Pyt (A + 18D — <y fd} =
{Aze % 9 + 8y i:f {la + 24, n)+ < Rpe-md)r—<n, b))

a=§ -+ & (I+APA*WD, ¢ = $AP,_B*
Ryey = I + BPy_yB*, b = &3yt (ygy — Bz,")

Then

It can be shown that the hypotheses of Lemma 2.] are satisfied for a, b,¢ and Ry, defined
thus, and, consequently,

Ql’ ('le {:) == <Azl‘—l.°v 1P> + €x-y <br Rk-q"%) + Ex_1 (i —
<by Ryt 0DY1 (@ — Loy Ry '0d) = (an®, ) + & (L +
<, Py

where 2,°, Py, & satisfy relations (2.6).
We proceed to solve problem (1.8). We assume that [=1,2z, =0, {3, LBl M, Mis
determined from (2.1). Then
t—y

-1 -
Sup 2{ (*k#l—bi [ CZ;;) ":" <‘Po; zﬁ} 'i‘ é@ ((Q’)th vk) + (ﬂk. §k>) (g = 09 {zﬁv 5?» gi} = M‘( ==

=1

. '/:
(or o> + 3 (Chress Brsnd + <1e )

Introducing the additional scalar variable {,, we arrive at a problem analogous to (2.2),
where the equations of the adjoint system and the missing boundary conditions are taken from
{1.8). We make use of Krasovskii's ideas /7/ to solve this problem by the dynamic program-
ming method. If O (§, x, {) is the Bellman function for this problem, then the dynamic program-
ming equation takes the form

Qeer (s 7, ) = il‘:f {Q 04 + 0B + 30, T+ G 0>+ — gl b =0,1,. . ..t —1 (2.8)

Qs % O =&+ &, P
Using Lemma 2.1, by induction it can be shown that the function
Qk (1"1 X’ C) = <zlr°| ¢> '*" <1k°7 X> + 137 (C + (‘\Ih Pk‘l’) +<xy ka> + <‘P7 Slrx) + <x1 Sk'v))‘/'a k == Oa 15 . 4
is a solution of Eqs.(2.8) when z°, °, Py, Oy, Sy, & satisfy the following realations:
3r+1°‘ = 45" + 5" + (yx — Bu' )R 'B (S) + Prd®) (2.9
Ty = C2° -+ (yx — Bn)Ry ' BPC*
Poo =1+ Qy + AP A* + AS; + Si*A* — (AP, + 8§3*)xX B*R,~1B (8 + Pra™)
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Qk-ﬂ = CPKC* - C]?kB*Rk"IBPkC*
Sirr = (APy + Sp*) (I — B*Ry'BP)C*
with the initial conditions
20 =z =0, Py=1T 0y =0, §,=0,¢0=1 (2.10)
Here, as above, P, =TI -+ BP,B* and ¢, is determined from the last relation in (2.6). If ad-
ditional information on the perturbations' realizations does not come in during the process,
then by virtue of the boundary conditions from (1.8) and (2.2)
PVK ("P i.@l) == Qk (ws Ov O) {(2.11)
Consequently, we have wvalid the following theorem.

Theorem 2.2. If the indeterminate perturbations in system (1.8), (1.2) are specified
by the consistent gquadratic constraints (2.1), then domain Z () is an ellipsoid with the
support function

Wk (‘P !f;?{) = <zko’ ‘P\) + ey <\?s Pkw>‘;zv k=0, '1) e d
and the ellipsoid's parameters satisfy Egs.{(2.9) and (2.10).

3. Geometric constraints. We now assume that the set M in (1.3) is defined as fol-~

lows:

M={{z, 7. B}z &2 eV, =8 k=0,....1t—1} (3.1)

where 7°, Vand E are closed convex sets in R", R" and R™, respectively. In this case the
information domains Z; (x) do not possess as regular a structure as under the condition of
consistent quadratic constraints on the perturbations, and it becomes difficult to obtain the
filtering equations of form (2.6) and (2.7). Under such conditions it is convenient to have
difference equations describing the dynamics of the information domains. With due regard to
(3.1) we obtain

fy

i—1
sup {wo, 20 |- k§0(<¢k+nl’k> < ke Ed) ¢ {5, b"’f.i_r}EM}z W (W] 2%+ 2 (W (braa | V) - IV (1] ED)

k=)
where W (- | 2%, W(-|V) and W (- |8) are the support functions of sets Z°, V and I, re-
spectively. Therefore, from the dynamic programming equations for problem (1.5) follows.

Theorem 3.1. Let Z, (i) be the domain consistent with the signal }, realized. Then
the support function of set 7 (j;) satisfies the recurrence equation

Wiar (0 1 ke = inf {Wy, 4 = 0B i) + WO IB — <y o} + W), -0, .. 0=t (3.2
) Vo b 1T = WG 1 2) (3.3
This theorem has been proved in /B/ by some other methods.
Example 3.1. Let v ={0), €= {0}, 2°— R". In this case Eq.(3.2) becomes
W (§ | Gren) = i':]f Wr 4 nBlgn - O, p
Hence, allowing for (3.3), we obtain that

b, Alzgd. 1E Fiyy P4 fpB - 'qlnlBAH = L (3.4)

Wowlo) = { + oo otherwise

From (3.4) follows, in particular, the known cobservability criterion
Rank || B*, A¥B*, .., A*'B¥y = n

{ * denotes transposed matrices).

Example 3.2. Let B =12 =#&" let matrix A4 be nonsingular and let the perturbation
occur only in the measurement equations. Then

Wiar (9} Jred) = ir:\f (Ve (94 -+ a1 §x) + W (0] 3) — {ny gied)

Therefore, the estimate
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Wi (9150 < Ax (| 1) = lg‘iléb{.(A‘yM' P AW (—pat] B)

is valid., Furthermore, the equality

Wi (170 = A** (91 9n) (3.5)
whose right-hand side is the second adjoint function /9/, holds.
Let us consider the nonlinear system
Zor =flam, ) k=g &) £=0, ..., t—1 {3.6)
As before, the perturbations ({z,, 7, £} satisfy the geometric constraints (3.1).

Theorem 3.2. Let 7z, {j,) be the domain consistent with the signal realized in system
{3.6). Then the relation
LG =Gt Gr-) N @ W) V)y @) = {2:TE = 8, g (s E) =y} (3.7

is valid.

The theorem's proof follows simply from the definition of Z; (7). An analogous statement
was given in /8/ for the case of linear systems. From Theorem 3.2 it follows that relation
(3.2) can be treated as the application of the infimal convolution operation /9/ to the sup-
port functions of the corresponding sets for linear f(.,.) and g (-,-). Thus, relation (3.7)
opens up certain possibilities for the analysis of information domains in the case of nonlinear
systems. Assume that function §(z, v) is linear, set @ (y) is closed and convex for any admis-
sible y, and Z° is bounded, Let Wy (- |Fi), k=0,.. ..t and W (- | @ (y)) be the support func-
tions of sets Z; (j;) and @ (y), respectively. Then from (3.7) follows

Theorem 3.3. The support functions of domains Z; (Jx) consistent with signal §, in
(1.1}, (3.86), {3.1) satisfy the recurrence equation

Wi @ [Jiaa) = W@ | V) + inf {Wy (b4 + 3 | 12) + W (=% [ © )} (3.8)

with initial condition (3.3).
If the assumptions in Example 3.2 are fulfilled, then

Wi (1) < Ax (9] gr) = min (W ($ 45| D (1)): 0 i<k — 1)
It can be shown that analogously to {3.5)
Weldlo) = a** (0l i)

(The requirement that matrix 4 be nonsingular can be eliminated by examining the correspond-
ing functions on the subspace generated by the linearly-independent rows of 4).

Example 3.3. Let g( B =:+(z|% |EI<i. Then @ ={x, 1> Y%yl and

=[Yalyp, if $=ay, a>0
Y wiewm {—I-! co otherwise

Consequently, Eq.(3.8) can be written as

Wil | =WwWH|V) +2§0(Wk—1 (P4 - ayp-a | Fx-2) — Yo = | yp-y 19}

The task of determining W;($|#) 1is reduced in this case to solving & one-dimensional optimi-
zation problems.

The authors thank Kurzhanskii for discussions on the paper.
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